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Abstract
This paper presents an improved analysis of a two-degree-of-freedom (2DOF) galloping-based piezoelectric energy har-
vester (GPEH). First, an overview of the 2DOF GPEH, together with some discussions on its physical implementation,
are presented. The theoretical model of the 2DOF GPEH is then developed. The analytical solutions are derived using
the harmonic balance method. The dynamic behaviour of the 2DOF GPEH is predicted according to the solution charac-
teristics. Moreover, the mode activation mechanism of the 2DOF GPEH is theoretically unveiled: depending on the sys-
tem parameters; there may exist a single or multiple stable solutions which correspond to different vibration modes of
the 2DOF GPEH. Subsequently, an equivalent circuit model of the 2DOF GPEH is established. Circuit simulations are
performed to verify the analytical solutions. Case studies through detailed theoretical analysis and circuit simulation give
in-depth insights into the dynamic behaviour of the 2DOF GPEH. It is demonstrated that by tuning the stiffness of the
auxiliary oscillator, either the first or the second mode vibration of the 2DOF GPEH can be activated, resulting in com-
pletely different dynamic behaviours and energy harvesting performance. Finally, from the perspectives of reducing the
cut-in wind speed and improving the voltage output, several design guidelines are provided.
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1. Introduction

The fast development and wide application of micro-
electro-mechanical systems (MEMS), for example,
wireless sensors, put forward an urgent demand to
address the power supply issue for realising sustainable
operation (Fang et al., 2019; Jo et al., 2020; Priya and
Inman, 2009; Tang et al., 2013). Under certain circum-
stances where the devices are placed in remote regions,
risk areas with high radiations or human bodies (i.e.
medical implants), replacing or recharging conven-
tional batteries becomes difficult. Energy harvesting
technology has been proposed and developed in the
past two decades to provide a viable solution by har-
nessing energy from surrounding sources, including
solar power, vibration, heat, wind, to name a few.

Wind is one of the ubiquitous and predominant
sources of renewable energy for large-scale power gen-
eration (Staggs et al., 2017). Employing wind for small-
scale power generation to provide sustainable energy
supply to MEMS has also attracted numerous research
interests in recent years (Abdelkefi, 2016; Wang et al.,
2020a). Different from a windmill, the size of a wind

energy harvester is often required to be compact to
meet the miniaturisation requirement of MEMS.
Hence, instead of rotary turbine design, small scale
wind energy harvesters are often designed based on
flow-induced vibration mechanisms and phenomena,
including galloping (Ali et al., 2013; Barrero-Gil et al.,
2010; Sirohi and Mahadik, 2012), vortex-induced
vibration (VIV) (Wang et al., 2019a; Zhang et al.,
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2020), wake galloping (Liu et al., 2020; Yan et al.,
2020) and flutter (Eugeni et al., 2020). Since galloping
can lead to the self-excited vibration around the natural
frequency of the system, the consequent limit cycle
motion near resonance has a large oscillation ampli-
tude. Moreover, as compared to VIV, the galloping
phenomenon can occur over a much wider range of
wind speed. For the above two reasons, galloping-
based energy harvesters have been extensively studied
in the past few years.

The cut-in wind speed and the power/voltage output
amplitude are the two main concerns of a galloping
energy harvester. The cut-in wind speed is the critical
wind speed when the galloping energy harvester starts
to vibrate and generate power. From the energy har-
vesting perspective, it is evident that lower cut-in wind
speed and higher power output are preferred. The
dynamic behaviour of a galloping energy harvester
strongly depends on the aerodynamic force characteris-
tic determined by the cross-section geometry of the
bluff body. Common bluff bodies include triangle-
sectioned (Sirohi and Mahadik, 2011; Wang et al.,
2019b), square-sectioned (Abdelkefi et al., 2012; Hu
et al., 2019, 2021a) and D-shape sectioned shapes
(Sirohi and Mahadik, 2012; Zhao and Yang, 2018).
Research have been conducted to compare the bluff
bodies (Yang et al., 2013) and optimize them (Wang
et al., 2019c) to improve the energy harvesting perfor-
mance of GPEHs. Besides the bluff body, from the
mechanical structure point of view, researchers also
explored various innovative configurations to improve
the performance of GPEHs. Following the track of the
development of vibration energy harvesters (VEHs),
researchers introduced nonlinearities into mechanical
structures to improve the galloping energy harvesting
performance. For example, Bibo et al. (2015) proposed
and studied a bistable GPEH that contained four mag-
nets to form a nonlinear restoring force. It was found
in their experiment that once the inter-well motion of
the bistable GPEH was activated, the power output
could become much larger than a conventional linear
GPEH. More related works of employing various non-
linearities in wind energy harvesting can be found in
(Alhadidi et al., 2016; Ewere et al., 2014; Naseer et al.,
2017; Yang et al., 2019).

According to the authors’ best knowledge, different
from vibration energy harvesting, lots of previous gal-
loping energy harvesters were designed and modelled as
SDOF systems. To avoid misunderstanding and contro-
versies, we would like to remind the readers that unlike
galloping energy harvesters, other flow-induced vibra-
tion based energy harvesters, such as the flutter-based
energy harvester reported in (Bryant and Garcia, 2011),
are often considered to have at least two degrees of free-
dom. In relatively more recent, still similar to the track
of the development of vibration energy harvesters: evol-
ving from SDOF VEH (Erturk and Inman, 2008) to

2DOF (even multiple-degree-of-freedom (MDOF))
VEH (Tang and Yang, 2012), Lan et al. (2019) pro-
posed to extend the SDOF system to 2DOF system for
galloping energy harvesting. This pioneering work pre-
sented an analytical analysis of two configurations of
2DOF GPEH modelled with lumped parameters. A
parametric study was performed to investigate the
effects of various system parameters on the perfor-
mance of the 2DOF GPEH. Hu et al. (2021a) proto-
typed a 2DOF GPEH using practical beam structures
and conducted an experimental study. Some phenom-
ena (e.g. the activation of the second vibration mode)
different from the analytical predictions in (Lan et al.,
2019) were experimentally observed. Though a simple
theoretical model was used to successfully explain the
interesting phenomena in (Hu et al., 2021a), there lacks
an in-depth understanding of the mechanisms behind
those behaviours and phenomena.

In fact, the modal activation problem for multiple-
degree-of-freedom galloping systems has been noticed
and investigated by researchers before. Blevins and
Iwan (1974) investigated the galloping response of a
two-degree-of-freedom system that had a translational-
DOF and a rotational-DOF. The asymmetric technique
was used to derive the approximate steady-state solu-
tion. Under a constant wind speed, the mode behaviour
was found to vary with the change of the system para-
meters. When the system parameters were tuned coinci-
dentally to meet a certain condition, even internal
resonance could take place, and an energy transfer
effect could occur. Desai et al. (1990) performed a fur-
ther study of the same 2DOF galloping system as pre-
sented in (Blevins and Iwan, 1974) by utilising the
averaging method. A more recent relevant research on
a similar topic can be found in (Yu, 2016). However,
these studies considered the galloping responses of
2DOF systems with both translational and torsional
displacements, originating from the galloping phenom-
enon associated with an iced transmission line. Luongo
and Di Fabio (1993) studied the multimodal galloping
phenomenon in a periodic slender structure that had
multiple natural frequencies in one or more bands.
However, that model is still quite different from the
one of our interest. From the literature review, the
mode activation problem has attracted few attention
from the researchers in the field of galloping energy
harvesting, though it might bring a significant influence
on the dynamic systems. For limited existing studies of
2DOF GPEHs, the analyses reported in the literature
are relatively deficient, and the mode activation prob-
lem has not been discussed yet due to the lack of a solid
theoretical foundation.

In this paper, based on the work by Hu et al. (2021a)
and Lan et al. (2019), an improved analysis of a 2DOF
GPEH is presented. The analytical solution derived by
Lan et al. (2019) only contains the fundamental fre-
quency component. It is valid for some limited cases,
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which is the reason why the analytical model in (Lan
et al., 2019) can not be used to explain the experimental
phenomena in (Hu et al., 2021a). The rest of the paper
is organized as follows. In section 2, the 2DOF GPEH
system is reviewed. The equivalence between the physi-
cal model in (Hu et al., 2021a) and a 2DOF dynamic
system is briefly explained. In section 3, the theoretical
model of the 2DOF GPEH is developed, and the analy-
tical solution is derived. In section 4, the solution char-
acteristics are discussed and analysed to explain the
mode activation mechanism of the 2DOF GPEH. In
section 5, an equivalent circuit model of the 2DOF
GPEH is established to verify the analytical solutions.
In section 6, specific case studies are considered to give
in-depth insights into the dynamic characteristics of the
2DOF GPEH. Moreover, the analytical results are vali-
dated by equivalent circuit simulation results. In section
7, several design guidelines are proposed to help the
development of the kind of 2DOF GPEH with desir-
able energy harvesting performance. Conclusions are
summarized in section 8.

2. Overview of 2DOF GPEH system

Figure 1 shows the schematic of the 2DOF GPEH pro-
posed in (Hu et al., 2021a). Although an experimental
study has been conducted and interesting phenomena
have been observed and reported in (Hu et al., 2021a),
there lacks a solid theoretical model to provide an in-
depth explanation of the dynamic behaviour of the
2DOF GPEH. For conciseness but without loss of

completeness, the construction of the 2DOF GPEH is
briefly introduced as follows. More details including
the physical prototyping can be referred to (Hu et al.,
2021a).

The 2DOF GPEH mainly consists of a primary
beam and a secondary beam, playing the roles as the
primary and auxiliary oscillators. A piezoelectric trans-
ducer is bonded at the root of the primary beam to real-
ize energy transduction. A bluff body is attached at the
tip of the primary beam, serving as the tip mass and the
object where the aerodynamic force applies. The reason
that the secondary beam is symmetrically designed has
been explained in (Hu et al., 2021a). Screws are used
for beam connection and also as tip mass of the second-
ary beam to tune its natural frequency.

Before proceeding to the theoretical modelling of
the 2DOF GPEH, the equivalence between the system
presented in Figure 1 and a 2DOF system is quickly
explained. More detailed and rigorous mathematical
derivations can be referred to (Hu et al., 2020, 2021b).
To represent the continuous system presented in
Figure 1 with lumped parameters, the primary beam
and the secondary beam are separately represented as
two independent SDOF systems. For the primary
beam, we approximate its fundamental mode shape by
the static deflection. The equivalent lumped parameters
can then be derived. The detailed derivation procedure
can be referred to (Hu et al., 2018, 2019). The explicit
expressions of the equivalent lumped parameters
including the equivalent stiffness k2, mass m2, damping
coefficient c2 and the electromechanical coupling coeffi-
cient u are listed below for reminding readers about the
key results in those papers.

k2 =
3EIpEIs

EIpL3
s + 3EIsLpL2

s + 3EIpL2
pLs +EIsL3

p
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k2

v2
n
+Mt2
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ffiffiffiffiffiffiffiffiffiffi
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Figure 1. (a) Three-dimensional model of the 2DOF GPEH and (b) the top view with annotations of different components.
(Hu et al., 2021a).
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where mp and ms are the masses per unit length. EIp
and EIs are the bending stiffnesses. The subscripts p
and s denote the beam sections with and without piezo-
electric coverage, respectively. Their lengths are, respec-
tively, of Lp and Ls. Mt2 is the mass of the bluff body.
q=� e31bphpc is the piezoelectric coupling term. vn is
the natural frequency of the system consisting of the
primary beam and the piezoelectric transducer, but
without the bluff body. z2 is the damping ratio of the
fundamental mode of the piezoelectric covered primary
beam with the bluff body. Similarly, the secondary
beam can also be represented as an SDOF system fol-
lowing the above procedure. The equivalent lumped
parameters of the secondary beam can be obtained as

m1 = 2 3
13

54
mrLr +Mt1

� �

k1 = 2 3
3EIr

L3
r

c1 = 2 3 2z1

ffiffiffiffiffiffiffiffiffiffi
m1k1

p

8>>>>><
>>>>>:

ð2Þ

where mr is the mass per unit length and EIr is the
bending stiffness of the secondary beam. Lr is the half
of the length of the secondary beam and Mt1 is the tip
mass (i.e. weight of the screw). z1 is the damping ratio
of the fundamental mode of the secondary beam. It is
worth noting that since the secondary beam is split into
two identical cantilever beams by the primary beam,
when converting the secondary beam into an equivalent
SDOF oscillator, the equivalent lumped parameters
(i.e. m1, k1 and c1) of the secondary beam should dou-
ble those of a single cantilever.

It should be mentioned that the SDOF representa-
tion is only valid under the assumption that all the
lumped parameters are concentrated at the tip of the
cantilever beam. In other words, the derived lumped
parameters (i.e. equation (2)) are only effective at the
beam tip. While, the coupling between the secondary
beam and the primary beam is through the force inter-
action at the root of the secondary beam. By consider-
ing the relationship between the actual reaction force
of the secondary beam using the beam theory and the
reaction force calculated using the SDOF model, a
reaction force correction factor should be introduced
to address this issue. Moreover, the mounting position
of the secondary beam also has an important influence,
for which a scaling factor should be introduced to take
such an effect into account. The details of a series of
factors to guarantee the successful establishment of the
2DOF model can be referred to (Hu et al., 2020,
2021b). The accuracy of the equivalent 2DOF model
has already been quantitatively verified in (Hu et al.,
2020, 2021b) by comparing it with the original continu-
ous model presented in Figure 1. Therefore, the model

presented in Figure 1 can be reasonably treated as a
2DOF GPEH.

3. Theoretical modelling

Though an accurate 2DOF model can be obtained to
describe the system presented in Figure 1 by following
the procedures in (Hu et al., 2020, 2021b), various fac-
tors in the governing equations make the mathematical
formulas become relatively complicated. Therefore,
without loss of generality but only for simplicity, those
correction factors are not considered, and the govern-
ing equations of an ordinary 2DOF GPEH model will
be employed for the following theoretical modelling.

3.1. Governing equations

The governing equations of the 2DOF GPEH shown in
Figure 2 can be written as:

m1€x tð Þ+ c1 _x tð Þ � _y tð Þð Þ+ k1 x tð Þ � y tð Þð Þ= 0 ð3Þ

m2€y tð Þ+ c2 _y tð Þ+ k2y tð Þ+ c1 _y tð Þ � _x tð Þð Þ
+ k1 y tð Þ � x tð Þð Þ+ uv tð Þ

=
1

2
rU 2LDB s1

_y tð Þ
U

� �
� s3

_y tð Þ
U

� �3
 ! ð4Þ

Cp _v tð Þ+ v tð Þ
R

= u _y tð Þ ð5Þ

where mi, ki and ci are the mass, stiffness and damping
coefficient, respectively. The subscript i = 1 and 2
denote the auxiliary and the primary oscillators, respec-
tively. x(t) and y(t) represent the displacements of the
auxiliary and the primary oscillators, respectively. r is
the air density. U is the wind speed. L and DB are the
cross-flow length and width of the bluff body. s1 and s3
are the empirical linear and cubic coefficients of the

Figure 2. Schematic of the 2DOF GPEH under investigation in
this study.
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transverse galloping force, which are dependent on the
cross-section geometry of the prismatic structure. u and
Cp are the electromechanical coupling coefficient and
the clamped capacitance of the piezoelectric transducer.
v(t) is the voltage across the load resistance R.

3.2. Approximate analytical solution

Since the 2DOF GPEH has two natural frequencies,
the displacement response of the auxiliary oscillator is
assumed to be in the form of the superposition of two
harmonic functions.

x tð Þ= xa tð Þ+ xb tð Þ ð6Þ

where xa(t) and xb(t), respectively, correspond to the
harmonic responses of the first and the second natural
frequencies of the 2DOF GPEH. To be more specific,

xa tð Þ= a1 tð Þ sin v1 tð Þ+ b1 tð Þ cos v1 tð Þ ð7Þ
xb tð Þ= g1 tð Þ sin v2 tð Þ+ h1 tð Þ cos v2 tð Þ ð8Þ

Similarly, the displacement response of the primary
oscillator is also assumed in the form as:

y tð Þ= ya tð Þ+ yb tð Þ ð9Þ
ya tð Þ= a2 tð Þ sin v1tð Þ+ b2 tð Þ cos v1tð Þ ð10Þ
yb tð Þ= g2 tð Þ sin v2tð Þ+ h2 tð Þ cos v2tð Þ ð11Þ

The amplitudes of the first and second harmonic com-
ponents with the frequencies of v1 and v2 are defined
as:

r1 tð Þð Þ2 = a2 tð Þð Þ2 + b2 tð Þð Þ2
r2 tð Þð Þ2 = g2 tð Þð Þ2 + h2 tð Þð Þ2

	
ð12Þ

As the piezoelectric transducer is directly coupled with
the primary oscillator, the voltage response can be pre-
sumed in a similar form as well.

v tð Þ= va tð Þ+ vb tð Þ ð13Þ
va tð Þ= v1 tð Þ sin v1tð Þ+ v2 tð Þ cos v1tð Þ ð14Þ
vb tð Þ= v3 tð Þ sin v2tð Þ+ v4 tð Þ cos v2tð Þ ð15Þ

Substituting equations (9) and (13) into equation (5),
omitting the higher harmonics and balancing the terms
of sin v1tð Þ, cos v1tð Þ, sin v2tð Þ and cos v2tð Þ, one
obtains:

�Cpv2 tð Þv1 +
v1 tð Þ

R
+ ub2 tð Þv1 = 0

Cpv1 tð Þv1 +
v2 tð Þ

R
� ua2 tð Þv1 = 0

�Cpv4 tð Þv2 +
v3 tð Þ

R
+ uh2 tð Þv2 = 0

Cpv3 tð Þv2 +
v4 tð Þ

R
� ug2 tð Þv2 = 0

8>>>>>>>>>><
>>>>>>>>>>:

ð16Þ

Note that the derivatives are forced to be zeros for the
steady-state condition. Solving equation (16), we can
represent v1 tð Þ;v4 tð Þ by a2 tð Þ;h2 tð Þ:

v1 tð Þ= Ke1a2 tð Þ
u

� Ce1b2 tð Þ
u

v2 tð Þ= Ce1 a2 tð Þ
u

+
Ke1b2 tð Þ

u

v3 tð Þ= Ke2g2 tð Þ
u

� Ce2h2 tð Þ
u

v4 tð Þ= Ce2 g2 tð Þ
u

+
Ke2h2 tð Þ

u

8>>>>>>>>>><
>>>>>>>>>>:

ð17Þ

where Ke1=
R2u2v1

2Cp

Cp
2R2v1

2 + 1
, Ce1=

u2v1 R

Cp
2R2v1

2 + 1
, Ke2=

R2u2v2
2Cp

Cp
2R2v2

2 + 1

and Ce2 =
u2v2 R

Cp
2R2v2

2 + 1
. Thus, the voltage response can

be expressed using ya tð Þ and yb tð Þ:

v tð Þ= Ke1ya tð Þ
u

+
Ke2yb tð Þ

u
+

Ce1 _ya tð Þ
uv1

+
Ce2 _yb tð Þ

uv2

ð18Þ

Substituting equation (18) into the governing equations
can completely eliminate the unknown variable v(t).
And one can now focus on the governing equations
constituted of equations (3) and (4) only. The mathe-
matical formulation of the whole problem is thus
greatly simplified. Substituting equations (6) and (9)
into equations (3) and (4), balancing the coefficients of
the terms sin v1tð Þ and cos v1tð Þ and forcing the deriva-
tives to be zero for the steady-state condition, one
obtains:

ð�m1v1
2+k1Þa1 tð Þ+b2 tð Þc1v1�b1 tð Þc1 v1�a2 tð Þk1=0

ð19Þ

a1 tð Þc1v1 � a2 tð Þc1v1+ �m1v1
2 + k1

� �
b1 tð Þ

� b2 tð Þk1 = 0
ð20Þ

� a1 tð Þk1 + ð�m2v1
2 +Ke1 + k1 + k2Þa2 tð Þ

+ b1 tð Þc1v1 + �c1v1 � c2v1 � Ce1ð Þb2 tð Þ

=
b2 tð Þ
8U
ð3DBL r1 tð Þð Þ2rs3v1

3 + 6DBL r2 tð Þð Þ2rs3v1v2
2

�4U 2rLDBs1v1Þ
ð21Þ

� a1 tð Þc1v1 + c1 v1 + c2v1 +Ce1ð Þa2 tð Þ � b1 tð Þk1

+ ð�m2 v1
2 +Ke1 + k1 + k2Þb2 tð Þ

=
a2 tð Þ
8U
ð�3DBL r1 tð Þð Þ2rs3 v1

3 � 6DBL r2 tð Þð Þ2r

s3v1v2
2 + 4U2rLDBs1v1Þ

ð22Þ

Solving equations (19) and (20) simultaneously gives:

a1 tð Þ=P1a2 tð Þ+Q1b2 tð Þ
b1 tð Þ=� Q1a2 tð Þ+P1 b2 tð Þ

	
ð23Þ
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where

P1 =
c1

2v1
2 � k1m1 v1

2 + k1
2

m1
2v1

4 + c1
2v1

2 � 2k1 m1v1
2 + k1

2

Q1 =
c1 m1v1

3

m1
2v1

4 + c1
2v1

2 � 2k1m1v1
2 + k1

2

P2 =�
c1 m1v1

3

m1
2v1

4 + c1
2v1

2 � 2k1m1v1
2 + k1

2

Q2 =�
�c1

2v1
2 + k1m1v1

2 � k1
2

m1
2v1

4 + c1
2v1

2 � 2k1m1 v1
2 + k1

2

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

.

Substituting equation (23) into equations (21) and
(22) eliminates a1(t) and b1(t), and degenerates the set
of equations as:

�Q1 c1 v1 � m2v1
2 � P1k1 +Ke1 + k1 + k2

� �
a2 tð Þ

+ P1 c1 v1 � Q1k1 � c1v1 � c2 v1 � Ce1ð Þb2 tð Þ

=
b2ðtÞ
8U
ð3DBL r1 tð Þð Þ2rs3v1

3 + 2DBL r2 tð Þð Þ2rs3v1 v2
2

�4U 2rLDB s1 v1Þ
ð24Þ

�P1c1v1 +Q1k1 + c1v1 + c2v1 +Ce1ð Þa2 tð Þ
+ ð�Q1c1v1 � m2 v1

2 � P1k1 +Ke1 + k1 + k2Þb2 tð Þ

=
a2 tð Þ
8U
ð�3DBL r1 tð Þð Þ2rs3v1

3�2DBL r2 tð Þð Þ2rs3 v1v2
2

+ 4U 2rLDB s1 v1Þ
ð25Þ

Summing equation (24)3 b2(t) and equation
(25)3 a2(t), then after some mathematical treatment,
we have:

ð�m1v1
2 + k1Þðm1m2v1

4 � Ke1m1v1
2 � k1m1v1

2

�k1m2v1
2 � k2m1v1

2 +Ke1k1 + k1k2Þ= 0
ð26Þ

which is the implicit expression that implies the solu-
tion to the frequency of the self-oscillation that is, v1.
On the other hand, subtracting equation (24)3 b2(t) by
equation (25)3 a2(t) gives:

r1 tð Þð Þ2P1c1v1 � r1 tð Þð Þ2Q1k1 � r1 tð Þð Þ2c1v1 � r1 tð Þð Þ2

c2v1 � Ce1 r1 tð Þð Þ2

=
1

8U
ð3DBL r1 tð Þð Þ4rs3 v1

3 + 6DBL r1 tð Þð Þ2

r2 tð Þð Þ2rs3v1v2
2 � 4DBL r1 tð Þð Þ2U 2rs1 v1Þ

ð27Þ

which is the implicit expression that contains the rela-
tionship between r1(t) and r2(t). To solve the two
unknown variables, one more equation that contains
the relationship between r1(t) and r2(t) is to be sought.
Applying the similar process to equations (3) and (4)
by substituting into equations (6) and (9), balancing the
coefficients of the terms sin v2tð Þ and cos v2tð Þ, and

forcing the derivatives to be zero for the steady-state
condition, one obtains:

�m1v2
2 + k1

� �
g1 tð Þ � c1 h1 tð Þv2 + h2 tð Þc1v2 � g2 tð Þk1 = 0

ð28Þ

� h1 tð Þm1v2
2 + g1 tð Þc1v2 � g2 tð Þc1v2 + h1 tð Þ

k1 � h2 tð Þk1 = 0
ð29Þ

�m2 v2
2 +Ke2 + k1 + k2

� �
g2 tð Þ+ �c1v2�c2v2�Ce2ð Þ

h2 tð Þ+ c1 h1 tð Þv2 � g1 tð Þk1

=
h2 tð Þ
8U
ð6DBL r1 tð Þð Þ2rs3 v1

2v2 + 3DBL r2 tð Þð Þ2rs3 v2
3

�4DBLU2rs1 v2Þ
ð30Þ

c1v2 + c2v2 +Ce2ð Þg2 tð Þ+ �m2v2
2+Ke2 + k1+k2

� �
h2 tð Þ � g1 tð Þc1v2 � h1 tð Þk1

=
g2 tð Þ
8U
ð�6DBL r1 tð Þð Þ2rs3v1

2v2�3DBL r2 tð Þð Þ2rs3 v2
3

+ 4DB LU2rs1v2Þ ð31Þ

Based on equations (28) and (29), we can represent g1(t)
and h1(t) by g2(t) and h2(t):

g1 tð Þ=K1 h2 tð Þ+ J1 g2 tð Þ
h1 tð Þ= J1h2 tð Þ � K1g2 tð Þ

	
ð32Þ

where

J1 =
c1

2v2
2 � k1m1 v2

2 + k1
2

m1
2v2

4 + c1
2v2

2 � 2k1 m1v2
2 + k1

2

K1 =
c1

2v2
2 � k1m1v2

2 + k1
2

m1
2v2

4 + c1
2v2

2 � 2k1m1 v2
2 + k1

2

J2 =�
c1 m1v2

3

m1
2v2

4 + c1
2v2

2 � 2k1m1v2
2 + k1

2

K2 =
c1

2v2
2 � k1m1v2

2 + k1
2

m1
2v2

4 + c1
2v2

2 � 2k1m1 v2
2 + k1

2

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

.

By substituting equation (32) into equations (30) and
(31), g1(t) and h1(t) are eliminated. The set of equations
are simplified and become:

ð�K1c1v2 � m2v2
2 � J1k1 +Ke2 + k1 + k2Þg2 tð Þ

+ J1c1v2 � K1k1 � c1v2 � c2v2 � Ce2ð Þh2 tð Þ

=
h2 tð Þ
8U
ð3DBL r2 tð Þð Þ2rs3v2

3 + 6DBL r1 tð Þð Þ2rs3v1
2v2

�4U2rLDBs1v2Þ
ð33Þ

ð�J1c1v2 +K1k1 + c1v2 + c2v2 +Ce2Þg2 tð Þ
+ ð�K1c1 v2�m2v2

2�J1k1 +Ke2 + k1 + k2Þh2 tð Þ

=
g2 tð Þ
8U
ð�6DBLðr1ðtÞÞ2rs3v1

2v2 � 3DBLðr2ðtÞÞ2rs3v2
3

+ 4U 2rLDB s1v2Þ
ð34Þ
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After some mathematical treatment of the sum of equa-
tion (33) 3 h2(t) and equation (34) 3 g2(t), one
obtains:

�m1v2
2 + k1

� �
ðm1m2v2

4 � Ke2m1 v2
2 � k1 m1v2

2

�k1m2 v2
2 � k2 m1v2

2 +Ke2k1 + k1k2Þ= 0

ð35Þ

which is the implicit expression that implies the solution
to v2. Subtracting equation (33) 3 h2(t) by equation
(34) 3 g2(t) yields:

J1 r2 tð Þð Þ2c1v2 � K1 r2 tð Þð Þ2k1 � r2 tð Þð Þ2c1v2 � r2 tð Þð Þ2

c2 v2 � Ce2 r2 tð Þð Þ2

=
1

8U
ð6DBL r1 tð Þð Þ2 r2 tð Þð Þ2rs3v1

2v2 + 3DBL r2 tð Þð Þ4r

s3v2
3 � 4DBL r2 tð Þð Þ2U 2rs1 v2Þ

ð36Þ

which is the other equation that contains the relation-
ship between r1(t) and r2(t) to be sought. Solving the
two equations (27) and (36) simultaneously, the
unknown variables r1(t) and r2(t) can be derived. It is
noted that there exist three sets of non-trivial solutions
as follows:

r2
1 tð Þ= 4U DB LUrs1 v1 + 2P1 c1 v1�2Q1 k1�2 c1 + c2ð Þv1�2Ce1½ �

3DB Lrs3 v1
3

r2
2 tð Þ= 0

(

ð37Þ

r2
1 tð Þ= 0

r2
2 tð Þ= 4U DB LUrs1 v2 + 2J1 c1 v2�2K1 k1�2 c1 + c2ð Þv2�2Ce2½ �

3DB Lrs3 v2
3

(

ð38Þ

r2
1 tð Þ=

4U
DBLUrs1v1v2 + 4J1c1 v1 v2 � 2P1c1 v1 v2 � 4K1k1v1

+ 2Q1 k1v2 � 2 c1 + c2ð Þv1 v2 + 2Ce1v2 � 4Ce2v1


 �
9DB Lrs3 v1

3v2

r2
2 tð Þ=

4U
DBLUrs1v1v2 + 4P1c1 v1v2 � 2J1c1 v1 v2 � 4Q1 k1v2

+ 2K1k1v1 � 2 c1 + c2ð Þv1v2 + 2Ce2v1 � 4Ce1v2


 �
9DB Lrs3 v1 v2

3

8>>>>><
>>>>>:

ð39Þ

Whether the three sets of solutions exist depends on the
signs of the computed values. Since the physical mean-
ings of r1(t) and r2(t) are the displacement amplitudes
of the limit cycles with the frequencies of v1 and v2,
respectively, one knows that a specific solution does
exist only if r2

1 tð Þø 0 and r2
2 tð Þø 0. Temporarily putting

aside of the existence issue of the solutions, from only
the formulations of the solutions, we can find that the
first and the second sets of solutions indicate single-
frequency limit cycle oscillations (LCOs) with the fre-
quencies of v1 and v2, respectively. The third set of
solution indicates a dual-frequency LCO motion. In
retrospect to the aforementioned relationships between
other unknown parameters and r1(t) and r2(t), all the

unknown variables can be consequently calculated. The
voltage amplitudes of the harmonic components va(t)
and vb(t) with the frequencies of v1 and v2 are,
respectively:

Va tð Þ= r1 tð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ke1

u

� �2
+ Ce1

u

� �2
q

Vb tð Þ= r2 tð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ke2

u

� �2
+ Ce2

u

� �2
q

8<
: ð40Þ

3.3. Stability analysis

Due to the nonlinearity of the galloping induced force,
it is found that there may exist multiple solutions (i.e.
equations (37)–(39)). However, even if all the solutions
mathematically exist, whether they are physically
attainable depends on their stability characteristics. In
this paper, the averaging method is employed to evalu-
ate the stabilities of the solutions, since it can conveni-
ently cast the governing equations of a complicated
nonlinear system into a state-space form (Rudowski,
1982). For a classic SDOF GPEH, Javed et al. (2016)
analysed the stabilities of the steady-state solutions
based on the shooting method. Interested readers are
recommended to also refer to that article, as the under-
lying principles are actually similar: stability analyses
are based on evaluating the eigenvalues of relevant
characteristic matrices. Considering the undamped free
vibration of the 2DOF GPEH and neglecting the elec-
tromechanical coupling, one can derive the natural
frequencies:

v2
1, 2 =

1

2m1m2

½ðk1 + k2Þm1 + k1m27ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 +m2Þ2k2

1 + 2k2m1ðm1 � m2Þk1 + k2
2m2

1�
q ð41Þ

The corresponding modes of the 2DOF system are:

1

pi

� �
=

1
�m1 vi

2 + k1

k1

� �
i= 1, 2ð Þ ð42Þ

After introducing the modal coordinates u1(t) and u2(t),
the displacements of the auxiliary and primary oscilla-
tors can be expressed in the form as:

x tð Þ
y tð Þ

� �
=

1 1

p1 p2


 �
u1 tð Þ
u2 tð Þ

� �
ð43Þ

Similarly, the voltage across the load resistance can be
written as:

v tð Þ= Ce1p1 _u1 tð Þ
uv1

+
Ce2p2 _u2 tð Þ

uv2

+
Ke1p1u1 tð Þ+Ke2p2u2 tð Þ

u

ð44Þ

Substituting equations (43) and (44) into equations (3)
and (4), one obtains:
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€u1 tð Þ+v1
2u1 tð Þ=� z11 _u1 tð Þ � z12 _u2 tð Þ

� p1rULDB

2M1

s1 p1 _u1 tð Þ+ p2 _u2 tð Þð Þ � s3 p1 _u1 tð Þ+ p2 _u2 tð Þð Þ3

U 2

 !

� p1

M1

Ce1p1 _u1 tð Þ
v1

+
Ce2p2 _u2 tð Þ

v2

+Ke1p1u1 tð Þ+Ke2p2u2 tð Þ

 �

= f1 u1 tð Þ, u2 tð Þ, _u1 tð Þ, _u2 tð Þð Þ
ð45Þ

€u2 tð Þ+v2
2u2 tð Þ=� z21 _u1 tð Þ � z22 _u2 tð Þ

� p2rULDB

2M2

s1 p1 _u1 tð Þ+ p2 _u2 tð Þð Þ � s3 p1 _u1 tð Þ+ p2 _u2 tð Þð Þ3

U 2

 !

� p2

M2

Ce1p1 _u1 tð Þ
v1

+
Ce2p2 _u2 tð Þ

v2

+Ke1p1u1 tð Þ+Ke2p2u2 tð Þ

 �

= f2 u1 tð Þ, u2 tð Þ, _u1 tð Þ, _u2 tð Þð Þ
ð46Þ

where Mj =m1 + p2
j m2, zjk =

c1�c1 pj + pkð Þ+ c1 + c2ð Þpjpk

Mj

j, k = 1, 2ð Þ. Assume the solutions of the modal coordi-
nates u1(t) and u2(t) to be in the form as:

u1 tð Þ=U1 cos v1t � u1ð Þ
u2 tð Þ=U2 cos v2t � u2ð Þ

	
ð47Þ

According to the averaging method, neglecting the deri-
vatives of Ui and ui, the derivatives of u1(t) and u2(t) are
assumed to be:

_u1 tð Þ=� U1v1 sin v1t � u1ð Þ
_u2 tð Þ=� U2v2 sin v2t � u2ð Þ

	
ð48Þ

Substituting equations (47) and (48) into equations (45)
and (46), then solving them simultaneously, we have:

_U1 =� 1
2v1

F1=� 1
2pv1

Ð 2p

0
f1 U1,U2,u1,u2ð Þ sinf1df1

_u1 =
1

2v1U1
C1=

1
2pv1U1

Ð 2p

0
f1 U1,U2,u1,u2ð Þ cosf1df1

_U2 =� 1
2v2

F2=� 1
2pv2

Ð 2p

0
f2 U1,U2,u1,u2ð Þ sinf2df2

_u2 =
1

2v2U2
C2=

1
2pv2U2

Ð 2p

0
f2 U1,U2,u1,u2ð Þ cosf2df2

8>>>>>><
>>>>>>:

ð49Þ

where
f1 =v1t � u1

f2 =v2t � u2

	
. By introducing the following

perturbation variables:

j1 =U1 � U1s

h1 =u1 � u1s

j2 =U2 � U2s

h2 =u2 � u2s

8>><
>>: ð50Þ

The first-order approximation of equation (49)
around the singularity point U1s,u1s,U2s,u2sð Þ can be
obtained:

2v1
_j1 =� ∂F1

∂U1

� �
U1 =U1s


 �
j1 � ∂F1

∂u1

� �
u1 =u1s


 �
h1

� ∂F1

∂U2

� �
U2 =U2s


 �
j2 � ∂F1

∂u2

� �
u2 =u2s


 �
h2

2v1 _h1 =
1

U1

∂C1

∂U1

� �
U1 =U1s

� 1
U2

1

C1


 �
j1

+ 1
U1

∂C1

∂u1

� �
u1 =u1s


 �
h1 +

1
U1

∂C1

∂U2

� �
U2 =U2s


 �
j2

+ 1
U1

∂C1

∂u2

� �
u1 =u2s


 �
h2

2v2
_j2 =� ∂F2

∂U1

� �
U1 =U1s


 �
j1 � ∂F2

∂u1

� �
u1 =u1s


 �
h1

� ∂F2

∂U2

� �
U2 =U2s


 �
j2 � ∂F2

∂u2

� �
u2 =u2s


 �
h2

2v2 _h1 =
1

U2

∂C2

∂U1

� �
U1 =U1s


 �
j1 +

1
U2

∂C2

∂u1

� �
u1 =u1s


 �
h1

+ 1
U2

∂C2

∂U2

� �
U2 =U2s

� 1
U2

2

C2


 �
j2 +

1
U2

∂C2

∂u2

� �
u1 =u2s


 �
h2

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð51Þ

As equation (51) is in the state-space form that is,
_X=AX, using Lyapunov’s second method, one can
determine the stability of the singularity point
U1s,u1s,U2s,u2sð Þ. The solution is stable only if the
eigenvalues of the corresponding Jacobian matrix of A
are negative real numbers. Otherwise, the singularity
point corresponds to an unstable solution.

4. Mode activation mechanism

This section aims to investigate the solution characteris-
tics of the 2DOF GPEH, that is, the conditions for the
existence of multiple solutions and their stabilities. The
system parameters of the 2DOF GPEH are listed in
Table 1. The parameters of the primary oscillator and
the attached piezoelectric transducer are determined
from the experimental prototype in (Bibo et al., 2015).
In the following study, the primary oscillator and the
attached piezoelectric transducer remain unchanged.
The mass and the damping ratio of the auxiliary oscilla-
tor are assumed the same as those of the primary oscil-
lator by intentionally following the same assumption in
(Lan et al., 2019). Hence, by comparing the results
between the current work and (Lan et al., 2019), once
could easily find that the difference between the analy-
ses are originated from the different methods rather
than the different system parameters. The stiffness of
the auxiliary oscillator will be varied to explore its
influence on the solution characteristics. In fact, vary-
ing either the stiffness or the mass of the auxiliary oscil-
lator is essentially to alter its natural frequency, that is,
v10 =

ffiffiffiffiffiffiffiffiffiffiffiffi
k1=m1

p
. Hence, the actual purpose is to explore

the influence of the natural frequency relationship
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between the primary and auxiliary oscillators on the
solution characteristics.

By defining the non-dimensionless stiffness of the
auxiliary oscillator as k�1 = k1=k2, we vary k�1 from 0.2
to 1.5. Figure 3 shows the relationship between the nat-
ural frequencies of the coupled 2DOF system (i.e. v2

and v1) and the natural frequencies of the separated
primary and auxiliary oscillators (i.e. v20 and v10). As
k�1 varies, the solutions of the corresponding 2DOF
GPEH are computed using the analytical method devel-
oped in the previous section.

According to the solution characteristics, the entire
parametric space can be divided into five regions. Table
2 summarizes the solution characteristics in the five dif-
ferent regions. Note that the ‘Regions’ are named in a
manner according to the characteristics of the solutions

rather than successively with k�1 increasing from 0.2 to
1.5. In Region I, there exists only a single mathemati-
cally and physically achievable solution. This solution
is stable and corresponds to a single-frequency LCO
with the frequency of v1. In Region II, there also exists
only a single mathematically and physically achievable
stable solution. But different from Region I, systems in
Region II undergo single-frequency LCOs with the fre-
quency of v2. In Region III, there exist two mathemati-
cally but only one physically achievable solutions. To
be more specific, Region III can be further classified
into two sub-regions, namely, Region III.I and Region
III.II. In Region III.I and Region III.II, either v1 or v2

related solutions are stable. Therefore, Region III.I and
Region III.II are, respectively, similar to Region I and
Region II from the physical point of view. In Region
IV, all three solutions are mathematically achievable.
However, the dual-frequency LCO solution is unstable.
The other two single-frequency LCO solutions are sta-
ble. It is presumed that in Region IV, the system can
optionally carry on the single–frequency LCO with the
frequency of either v1 or v2, depending on the initial
condition. More detailed case studies of selected sys-
tems from different regions will be presented in the fol-
lowing section.

5. Equivalent circuit simulation

To verify the analytical solutions derived in section 3,
an equivalent circuit model of the 2DOF GPEH is
established based on the analogies between the dynamic
equations of mechanical and electrical systems, which
are intrinsically ordinary differential equations having
exactly the same mathematical formulation. From the
perspective of impedance analogy, the mechanical
quantities of force and velocity are analogous to the
electrical quantities of voltage and current, respectively.
Consequently, the mass, spring and damper in the
mechanical domain are severally represented as the
inductor, capacitor and resistor in the electrical domain.
It is worth noting that in the analogy between the
spring and the capacitor, the capacitance of the capaci-
tor equals to the compliance (i.e. the reciprocal of the

Table 1. System parameters of the 2DOF GPEH.

Mechanical parameters Aerodynamic parameters

Effective mass m1 (g) 113.4 Air density, r (kg/m3) 1.24
Effective mass m2 (g) 113.4 Bluff body height, L (m) 0.1
Effective stiffness k1 (N/m) 58.02 Cross flow dimension, DB (m) 0.05
Effective stiffness k2 (N/m) 58.02 Linear aerodynamic coefficient, s1 2.5
Damping ratio z1 0.003 Cubic aerodynamic coefficient, s3 130
Damping ratio z2 0.003 Load resistance R (O) 1012

Electromechanical coupling u (mN/V) 190
Capacitance Cp (nF) 187

Figure 3. The relationship between the natural frequencies of
the coupled 2DOF system (i.e. v2 and v1) and the natural
frequencies of the primary and auxiliary oscillators (i.e. v20 and
v10).
The red line represents v2, the blue line represents v1, the brown dash-

dot line represents v20 and the black dashed line represents v10. The

colour shaded areas denote different regions having different solution

characteristics.
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stiffness) of the spring. The piezoelectric transducer can
be modelled as the combination of an ideal transformer
and a capacitor, which describes its internal capacitance
(Yang and Tang, 2009). The interface circuit can then
be directly connected to the electrical equivalents of the
mechanical components, through the coupling of the
ideal transformer. The challenge of establishing the
equivalent circuit model of the 2DOF GPEH lies in the
representation of the nonlinear galloping-induced force.
Fortunately, the nonlinear transfer function provided
in the commercial circuit simulation software SIMetrix
enables the users to define an arbitrary source as a func-
tion of variables of circuit components. Therefore, we
can define a voltage source (i.e. the galloping-induced
force) as the function of the current (i.e. velocity)
through the inductor that represents the primary oscil-
lator. Detailed procedure can be referred to the previ-
ous work in the literature (Tang et al., 2014; Wang
et al., 2020b). Figure 4 shows the established equivalent
circuit model of the 2DOF GPEH. A transient simula-
tion should be conducted until the system converges to
the steady-state. The voltage response across the load
resistance R can then be directly measured by placing a
voltage probe.

6. Case studies

In this section, example cases from different regions are
considered in detail to give more in-depth insights into
their dynamic characteristics. Case A, B, C, D and E
are selected from Region I, II, III.I, III.II and IV,
respectively. The system parameters, except the stiffness
of the auxiliary oscillator, are the same as those listed
in Table 1. k�1 of the five cases are, severally, 1.4, 0.3,
0.8, 0.36 and 0.5, as declared in Table 2.

6.1. Case A from Region I

Case A is selected from Region I with k�1 = 1:4. Under
the open-circuit condition, the first and second natural
frequencies of Case A can be calculated as 2.318 and
6.627 Hz, respectively. By increasing the wind speed,
Figure 5(a) compares the voltage amplitudes predicted
by the circuit simulation and the analytical method.
The blue solid line denotes the voltage amplitude of the
first harmonic component with the frequency of
f1 = 2.318 Hz, and the blue dashed line denotes the
second harmonic component with the frequency of
f2 = 6.627 Hz. The black circles represent the circuit

Table 2. Summary of solution characteristics of 2DOF GPEH in different regions.

Region I Region II Region III.I Region III.II Region IV

k�1 Ranges [1.195, 1.5] [0.2, 0.336] [0.693, 1.194] [0.337, 0.408] [0.409, 0.692]
Representative cases Case A Case B Case C Case D Case E

k�1 = 1:4 k�1 = 0:3 k�1 = 0:8 k�1 = 0:36 k�1 = 0:5
Single-frequency LCO (v1):
r1(t) . 0; r2(t) = 0

Existent Non-existent Existent Existent Existent
Stable NA Stable Unstable Stable

Single-frequency LCO (v2):
r1(t) = 0; r2(t) . 0

Non-existent Existent Existent Existent Existent
NA Stable Unstable Stable Stable

Dual-frequency LCO (v1 and v2):
r1(t) . 0; r2(t) . 0

Non-existent Non-existent Non-existent Non-existent Existent
NA NA NA NA Unstable

Number of mathematically
achievable solutions

1 1 2 2 3

Number of physically
achievable solutions

1 1 1 1 2

Figure 4. Equivalent circuit model of the 2DOF GPEH established in SIMetrix.
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simulation results. The analytically predicted response of
the SDOF GPEH by removing the auxiliary oscillator is
also provided for comparison. One can refer to (Lan
et al., 2019) for the derivation of the analytical response of
the SDOF GPEH. It is noted that the analytical result of
the first harmonic component matches very well with the
simulation result. The cut-in wind speed of the 2DOF
GPEH is about 2.40 m/s. However, the blue dashed line is
always zero, which indicates that the second mode vibra-
tion is not activated. Compared to the SDOF GPEH with
a cut-in wind speed of 1.98 m/s, though the 2DOF GPEH
is more difficult to be excited by the wind, the output vol-
tage amplitude of the 2DOF GPEH is larger under a
high-speed wind excitation. This prediction basically
agrees with the experimental phenomenon reported in
(Hu et al., 2021a).

To verify that the dynamic response in Case A is
a single-frequency (f1 = 2.318 Hz) limit cycle

oscillation, the transient response of the voltage output
at the wind speed of 8 m/s is examined in Figure 5(b).
The corresponding frequency spectrum of the steady-
state response in Figure 5(b) is shown in Figure 5(c)
using the Fast Fourier Transform (FFT) approach. It
is clearly seen that only one peak with the amplitude of
74.75 V at the frequency near f1 = 2.318 Hz is
observed. Moreover, Figure 5(d) shows the steady-state
in-phase motions of the displacements of the primary
and the auxiliary oscillators, which tallies with the
dynamic characteristic of the first mode vibration of a
2DOF system. Hence, it can be confirmed that only the
first mode of the 2DOF GPEH is activated in Case A.

6.2. Case B from Region II

In Case B which falls into Region II, k�1 is set to be 0.3.
The first and the second natural frequencies of the

Figure 5. (a) Comparison of the voltage amplitudes versus wind speed obtained by the ECM method and the analytical method,
(b) the transient voltage response at the wind speed of 8 m/s from circuit simulation, (c) the frequency spectrum of the steady-state
response in (b), and (d) the steady-state responses of the displacements of the two oscillators. k�1 of case A in Region I is 1.4.
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2DOF GPEH, under the open-circuit condition, are
1.678 and 4.238 Hz, respectively. Figure 6(a) shows the
voltage amplitude versus wind speed obtained from the
circuit simulation and the analytical method. The pink
solid and dashed lines represent the voltage amplitudes
of the harmonic components with the frequencies of
f2 = 4.238 Hz and f1 = 1.678 Hz, respectively. In con-
trast to Case A, it can be seen that the voltage ampli-
tude of the first harmonic component with
f1 = 1.678 Hz is always zero, which indicates that the
first mode vibration in Case B is inactivated.
Nevertheless, the analytical result of the voltage ampli-
tude of the second harmonic component with
f2 = 4.238 overlaps the circuit simulation result. The
cut-in wind speed is increased to 3.74 m/s. Compared

to the SDOF GPEH, the cut-in wind speed of the
2DOF GPEH is increased, and the output voltage
amplitude is decreased.

To verify the mode activation, Figure 6(b) presents
the transient response of the voltage output of Case B
at the wind speed of 8 m/s. By performing the fast
Fourier transform of the steady-state response in
Figure 6(b), Figure 6(c) shows the corresponding fre-
quency spectrum. As compared to Case A, the voltage
amplitude of the 2DOF GPEH in Case B is reduced to
35.59 V. Moreover, it is clearly found that there is only
a single peak at the frequency of 4.234 Hz, which is
close to the second natural frequency of the 2DOF
GPEH of Case B. Furthermore, from the steady-state
responses of the displacements of the two oscillators as

Figure 6. (a) Comparison of the voltage amplitudes versus wind speed obtained by the ECM method and the analytical method,
(b) the transient voltage response at the wind speed of 8 m/s from circuit simulation, (c) the frequency spectrum of the steady-state
response in (b), and (d) the steady-state responses of the displacements of the two oscillators. k�1 of case B in Region II is 0.3.
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illustrated in Figure 6(d), the out-of-phase motion also
confirms the activation of the second mode vibration
of the 2DOF GPEH in Case B.

6.3. Case C from Region III.I

k�1 is set to be 0.8 in Case C to make it fall into Region
III.I. The first two natural frequencies of the 2DOF
GPEH consequently become 2.152 and 5.395 Hz,
respectively. Figure 7(a) reveals the relationship
between the voltage amplitude of the 2DOF GPEH
and the wind speed. As mentioned in section 4, there
exist two sets of solutions: one set of solution is stable,
while the other one is unstable. The blue and pink lines
represent the stable and unstable solutions, respec-
tively. The solid and dashed lines denote non-zero and

zero values, respectively. For the stable solution, the
first mode vibration is activated (Va 6¼ 0) and the sec-
ond mode vibration is inactivated (Vb = 0). In terms
of the unstable solution, Va = 0 while Vb 6¼ 0. In the
circuit simulation, the initial condition is varied to
explore the possibility of the existence of any solutions
under different wind speeds. However, from Figure
7(a), it is noted that the circuit simulation result
matches only with the analytical result of the voltage
amplitude Va related to the harmonic component hav-
ing the frequency of f1 = 2.152 Hz. It indicates that
only the stable solution can be physically achieved. The
stabilities of the solutions are thus verified. According
to the branch of the stable solution, the cut-in wind
speed is 3.14 m/s. Compared to the SDOF GPEH, it
can be found that 2DOF GPEH produces a larger

Figure 7. (a) Comparison of the voltage amplitudes versus wind speed obtained by the ECM method and the analytical method,
(b) the transient voltage response at the wind speed of 8 m/s from circuit simulation, (c) the frequency spectrum of the steady-state
response in (b), and (d) the steady-state responses of the displacements of the two oscillators. k�1 of case C in Region III.I is 0.8.
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output voltage amplitude when both of them are
excited under a relatively high wind speed.

The transient voltage response of the 2DOF GPEH
at the wind speed of 8 m/s in Case C is plotted in
Figure 7(b). The corresponding frequency spectrum of
the steady-state response is presented in Figure 7(c).
The voltage amplitude is 74.94 V and the dominant fre-
quency is 2.157 Hz, which is close to the first natural
frequency of the 2DOF GPEH. Figure 7(d) further
shows the steady-state responses of the displacements
of the two oscillators. Both the spectral analysis result
presented in Figure 7(c) and the in-phase motion char-
acteristic revealed in Figure 7(d) validate the activation
of the first mode vibration of the 2DOF GPEH in Case
C from Region III.I. As compared to the results in sec-
tion 6.1, one may have noticed that only from the cir-
cuit simulation phenomenon, it is actually difficult to
distinguish the difference between Case A from Region

I and Case C from Region III.I. The analytical method
helps develop a thorough understanding of the mechan-
isms behind them.

6.4. Case D from Region III.II

A representative Case D from Region III.II is achieved
by setting k�1 to be 0.36. The first two natural frequen-
cies of the 2DOF GPEH of Case D are, respectively,
1.779 Hz and 4.378 Hz. As aforementioned in section
4, systems that fall into Region III.II also have two sets
of periodic solutions. Figure 8(a) shows the two sets of
analytical solutions and the circuit simulation result of
the voltage amplitude under different wind speeds. To
keep consistency, lines with different colours represent
different sets of solutions: pink colour – stable solu-
tions, blue colour – unstable solutions. The solid and
dashed lines, respectively, represent non-zero and zero

Figure 8. (a) Comparison of the voltage amplitudes versus wind speed obtained by the ECM method and the analytical method,
(b) the transient voltage response at the wind speed of 8 m/s from circuit simulation, (c) the frequency spectrum of the steady-state
response in (b), and (d) the steady-state responses of the displacements of the two oscillators. k�1 of case D in Region III.II is 0.36.
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solutions as before. In contrast to Case C from Region
III.I, the simulation result only agrees with the analyti-
cal result of the Vb from the set of the stable solution,
which implies the activation of the second mode vibra-
tion of the 2DOF GPEH. Though the initial condition
is varied, the simulation result converges to only the sta-
ble solution that is analytically obtained. Moreover, by
looking at the stable solution, it is noted that the cut-in
wind speed of the 2DOF GPEH in Case D is 4.06 m/s.
Compared to the SDOF GPEH, the performance of the
2DOF GPEH is reduced to the absolute inferiority: the
cut-in wind speed is increased, and the output voltage
amplitude is decreased.

The transient voltage response of the 2DOF GPEH
of Case D under the wind speed of 8 m/s and the corre-
sponding frequency spectral analysis result of the
steady-state response are presented in Figure 8(b) and
(c), respectively. A single peak with the amplitude of
33.12 V around the frequency that is close to the sec-
ond natural frequency of the 2DOF GPEH is observed
in Figure 8(c), indicating the activation of the second
mode vibration. Moreover, the out-of-phase steady-
state responses of the displacements of the two oscilla-
tors presented in Figure 8(d) provide further verifica-
tion. In fact, as the relationship between Case A from
Region I and C from Region III.I, the difference
between Case D from Region III.II and Case B from
Region II can not be detected only based on the circuit
simulation results as well. With the help of the analyti-
cal method, the underlying mechanisms and differences
behind the two cases are unveiled.

6.5. Case E from Region IV

Finally, Case E with k�1 of 0.36 that belongs to Region
IV is investigated. The first two natural frequencies of
the 2DOF GPEH in Case E are 1.950 and 4.707 Hz,
respectively. The relationship between the voltage
amplitude and the wind speed for Case E, as illustrated
in Figure 9(a), becomes more complicated than the pre-
vious cases due to the existence of three sets of solu-
tions as aforementioned in section 4. The lines with
blue and pink colours indicate stable solutions, and the
green colour indicates unstable solutions. The solid and
dashed lines represent non-zero and zero stable solu-
tions. The dotted and dash-dot lines denote the
unstable solutions of Va and Vb, respectively. The ini-
tial condition of the 2DOF GPEH is varied to capture
any possible solutions. From Figure 9(a), it can be seen
that the simulation result splits into two branches after
exceeding the cut-in wind speeds. It is worth noting
that the starting points (i.e. the cut-in wind speeds) of
the two branches are slightly different as 4.78 m/s (pink
branch) and 4.80 m/s (blue branch), respectively. Each
branch of the simulation result matches with each set

of stable solutions. No numerical solutions can be
found along the green lines which are unstable solu-
tions. Hence, the numerical result verifies the stabilities
of the solutions determined using the method presented
in 3.3. The blue branch is characterized by non-zero Va

and constantly zero Vb, which indicates the activation
of the first mode vibration of the 2DOF GPEH. The
pink branch is characterized by non-zero Vb but con-
stantly zero Va, which implies the activation of the sec-
ond mode vibration of the 2DOF GPEH. Since the
amplitude of the blue branch is always larger than that
of the pink branch under the same wind speed, the blue
and the pink branches are hereinafter termed as high-
energy and low-energy orbits, respectively. According
to the theories of nonlinear dynamics, whether the
steady-state response of the 2DOF GPEH eventually
converges to the high-energy or the low-energy orbit
normally depends on the initial condition. Compared
to the SDOF GPEH, the cut-in wind speed of the
2DOF GPEH is increased no matter from the point of
view of the high-energy or the low-energy orbit solu-
tion. The low-energy orbit solution is in an absolute
inferior position, since its amplitude is always smaller
than that of the SDOF GPEH. However, when the
high-energy orbit is activated, the 2DOF GPEH could
produce a lareger voltage output than the SDOF
GPEH if the wind speed is sufficiently large.

By setting the initial velocity of the auxiliary oscilla-
tor as 3 m/s, while keeping other initial values (i.e. the
initial displacement and velocity of the primary oscilla-
tor and the initial displacement of the auxiliary oscilla-
tor) to be zeros, Figure 9(b) and (c) show the transient
voltage response of the 2DOF GPEH under the wind
speed of 8 m/s and the corresponding frequency spec-
trum of the steady-state part, respectively. The steady-
state voltage amplitude is 67.35 V, and the dominant
frequency is 1.952 Hz, which is close to the first natural
frequency of the 2DOF GPEH. The spectral analysis
result can be deemed as a direct evidence that the first
mode vibration of the 2DOF GPEH is activated.
Besides that, the activation of the first mode vibration
can also be identified from the in-phase motions of the
two oscillators revealed in Figure 9(d).

Subsequently, the initial velocity of the auxiliary
oscillator is reduced to 0.5 m/s, while the other initial
values are kept the same as zeros. The transient voltage
response and the spectral analysis result of the corre-
sponding steady-state part are presented in Figure
10(a) and (b), respectively. Different from the previous
result in Figure 9(b) and (c), the steady-state voltage
amplitude decreases to 27.80 V and the dominant fre-
quency increases to 4.704 Hz which becomes close to
the second natural frequency of the 2DOF GPEH. The
spectral analysis result indicates that the second mode
vibration of the 2DOF GPEH is activated after
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changing the initial condition. In addition, the transient
displacement responses of the two oscillators, presented
in Figure 9(d), provide a further verification.

From the above analyses, it is noted that the activa-
tion of the first mode could benefit energy harvesting.
In contrast, the activation of the second mode always
deteriorates the energy harvesting performance. To give
a more vivid but qualitative explanation, the modal
shapes of the 2DOF GPEH associated with the first
two resonant frequencies are plotted in Figure 11. It
should be noted that the above theoretical analyses are
based on a lumped parameter model. The following
modal analysis is performed base on the beam structure
model proposed in (Hu et al., 2021a) to provide a bet-
ter graphic demonstration. The yellow arrows denote
positive displacements. The red arrows denote negative
displacements. When the first mode is activated, as
shown in Figure 11(a), it can be seen that the motions

of the primary oscillator (i.e. represented by the bluff
body) and the auxiliary oscillator (i.e. represented by
the tip mass of the parasitic beam) are in phase, that is,
always in the same direction. Moreover, the displace-
ment amplitude of the auxiliary oscillator is relatively
larger than that of the primary oscillator. Thus, it can
be deduced that the reaction force applied on the pri-
mary oscillator by the auxiliary oscillator is in-phase
with the motion of the primary oscillator, playing the
role of promoting the vibration of the primary oscilla-
tor. As the piezoelectric transducer (marked in cyan) is
attached to the host beam, that is, coupled with the pri-
mary oscillator, the voltage output from the transducer
is unsurprisingly increased.

However, when the second mode is activated, as
shown in Figure 11(b), the situation becomes different.
The motion of the auxiliary oscillator becomes out-of-
phase with the motion of the primary oscillator: the

Figure 9. (a) Comparison of the voltage amplitudes versus wind speed obtained by the ECM method and the analytical method,
(b) the transient voltage response at the wind speed of 8 m/s from circuit simulation, the initial velocity of the auxiliary oscillator is
3 m/s, (c) the frequency spectrum of the steady-state response in (b), and (d) the steady-state responses of the displacements of the
two oscillators. k�1 of case E in Region IV is 0.5.
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yellow and red arrows denote opposite displacement
directions. Hence, the reaction force applied on the pri-
mary oscillator by the auxiliary becomes a resistance
force. The vibration amplitude of the primary oscillator
is, thus, decreased, as well as the output voltage ampli-
tude produced by the attached piezoelectric transducer.

7. Design guidelines

Cut-in wind speed and output voltage amplitude are
the two figures of merit to evaluate the performance of
a galloping energy harvester. In different situations, dif-
ferent vibration modes of the 2DOF GPEH may be
activated. The cut-in wind speeds for different situa-
tions are actually different. By forcing the response
amplitudes r1(t) and r2(t) in equations (37) and (38) to
be zero, respectively, one obtains the cut-in wind speed
for different situations.

Ucr1 =
2P1c1v1 � 2Q1k1 � 2 c1 + c2ð Þv1 � 2Ce1

DBLrs1v1

ð52Þ

Ucr2 =
2J1c1v2 � 2K1k1 � 2 c1 + c2ð Þv2 � 2Ce2

DBLrs1v2

ð53Þ

Since in Region I and III.I, there exists only a single sta-
ble solution of the limit cycle oscillation with the fre-
quency of v1, equation (52) should be adopted to
compute the cut-in wind speed. For a similar reason,
equation (53) should be used to predict the cut-in wind
speed in Region II and III.II. In Region IV, as two sta-
ble solutions co-exist and each corresponds to the limit
cycle oscillation with the frequency of v1 and v2,
respectively, the two cut-in wins speeds computed by
equations (52) and (53) should simultaneously exist. It
is worth mentioning that Abdelmoula and Abdelkafi
(2016) derived the cut-in wind of a SDOF GPEH
through analysing the stability of the equilibrium point.

Figure 10. (a) The transient voltage response at the wind speed of 8 m/s from circuit simulation, the initial velocity of the auxiliary
oscillator is 0.5 m/s, (b) the frequency spectrum of the steady-state response in (a), and (c) the steady-state responses of the
displacements of the two oscillators. k�1 of case E in Region IV is 0.5.
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When the equilibrium point becomes unstable, it indi-
cates that the SDOF GPEH starts to oscillate and pro-
duce considerable energy output. The critical condition
for the equilibrium point turns into unstable from sta-
ble yields the cut-in wind speed.

Using the above two formulas (i.e. equations (52)
and (53)), for the given system with the parameters
listed in Table 1, Figure 12 shows the effect of k�1 on
the cut-in wind speed of the 2DOF GPEH. It can be
found that with the increase of k�1 , the cut-in wind
speed Ucr1 monotonously decreases, while the cut-in
wind speed Ucr2 monotonously increases. Moreover,
when the system falls into Region I and III.I, the cut-in
wind speed Ucr1 is always smaller than that (i.e. Ucr2)
when the system falls into Region II and III.II, except
near the left fringe of Region III.I. It indicates that sys-
tems in Region I and III.I are more suitable for the
application of low-wind speed energy harvesting.
Besides that, in Region IV, the cut-in wind speeds Ucr1

and Ucr2 co-exist, and both reach a high level because
of the monotone properties of them. Therefore, for the
purpose of low-wind speed energy harvesting, one

should avoid designing a 2DOF GPEH that falls into
Region IV as well.

To investigate the evolution of the voltage amplitude
with respect to the change of k�1 , Figure 13 shows the
corresponding results. Note that in Region IV, two sta-
ble solutions co-exist: one refers to the high-energy
orbit with a larger amplitude, and the other one refers
to the low-energy orbit with a smaller amplitude.
Figure 13(a) and (b) present the results containing the
high-energy and low-energy orbit solutions, respec-
tively. The data in most areas of both Figure 13(a) and
(b) coincide with each other, except in the narrow area
of Region IV, which corresponds to a multiple solution
region. It can be seen that when k�1 exceeds Region IV
and enters Region III.I and I, the output voltage ampli-
tude becomes significantly large. However, when k�1 is
small and falls into Region II and III.II, the output vol-
tage amplitude is dramatically reduced. In Region IV,

Figure 13. Voltage amplitude versus the wind speed and k�1: (a) the high-energy orbit and (b) the low-energy orbit.

Figure 11. Finite element simulation obtained: (a) first modal
shape, (b) second modal shape of the 2DOF GPEH studied in
(Hu et al., 2021a).
The yellow arrows denote positive displacements, and the red arrows

denote negative displacements.

Figure 12. Effect of k�1 on the cut-in wind speed of the 2DOF
GPEH.
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the system can converge to different solutions depending
on the initial condition. Though when the high-energy
orbit is triggered in Region IV, the output voltage ampli-
tude is comparable with that in Region I and III.I.
Considering the uncertainty of the dynamic behaviour in
Region IV, systems are not recommended to be designed
within this area. On the other hand, from Figure 13, we
can also note that the cut-in wind speed is relatively low
when the system falls into Region III.I and I, which is in
consistency with the analysis of Figure 12.

In brief summary, from both perspectives of lower-
ing down cut-in wind speed and enlarging voltage out-
put, the parameters of the 2DOF GPEH studied in this
research should be tuned to make it fall into Region I
or III.I to guarantee desirable predicatble energy har-
vesting performance.

8. Conclusions

This paper has presented a thorough study of a 2DOF
galloping-based energy harvester. A theoretical model
has been developed and analytical solutions have been
derived. According to the analysis of the solution char-
acteristics, the design space is divided into five regions
featured with different dynamic behaviours, which have
been comprehensively investigated.

(a) In Region I and II, there exists only a single
stable solution, and the 2DOF GPEH exhibits
a single-frequency limit cycle oscillation. The
difference between them is that the frequencies
of the limit cycle oscillations in Region I and
II, are the first and second natural frequencies
of the 2DOF GPEH, respectively. Hence, the
first and the second mode vibrations are acti-
vated, respectively, in Region I and II.

(b) Systems in Region III.I and III.II have two
solutions: one is stable, and the other is
unstable. The stable solutions in Region III.I
and III.II are, respectively, the first and the
second vibration mode related limit cycle oscil-
lations. Therefore, by considering only the sta-
ble solutions, Region III.I and III.II are,
respectively, similar to Region I and II.

(c) For Region IV, there exist three solutions.
However, only two of them are stable. One stable
solution corresponds to the single-frequency limit
cycle oscillation around the first natural fre-
quency. The other stable solution corresponds to
the single-frequency limit cycle oscillation around
the second natural frequency. Depending on the
initial condition, the systems in Region IV may
converge to the limit cycle oscillation around the
first or the second natural frequency.

An equivalent circuit model has been established to
verify the theoretical model and confirm the dynamic
behaviours of the 2DOF GPEH in different regions.
From the perspective of reducing the cut-in wind speed
and increasing the output voltage amplitude, the first
mode vibration of the 2DOF GPEH is preferred to be
activated. Based on the theoretical analysis, several
design guidelines are provided to guarantee a sound
energy harvesting performance of the 2DOF GPEH
under investigation in this study. First, systems should
not be designed in Region II and III.II, where only the
second mode limit cycle oscillation can be incurred.
Second, Region IV should also be evaded, due to the
uncertainty of mode activation, that is, convergence to
high-energy or low-energy orbits is indeterminate.
Third, the stiffness of the auxiliary oscillator should be
tuned relatively large, since the cut-in wind speed
reduces, and the output voltage amplitude increases
with the increase of the stiffness of the auxiliary
oscillator.
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